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Abstract 

Methods for proving functional limit laws are developed for sequences of stochastic pro- 
cesses which allow a recursive distributional decomposition either in time or space. Our ap- 
proach is an extension of the so-called contraction method to the space C[0, 1] of continuous 
functions endowed with uniform topology and the space 2?[0, 1] of cadlag functions with the 
Skorokhod topology. The contraction method originated form the probabilistic analysis of 
algorithms and random trees where characteristics satisfy natural distributional recurrences. 
It is based on stochastic fixed-point equations, where probability metrics can be used to ob- 
tain contraction properties and allow the application of Banach's fixed-point theorem. We 
develop the use of the Zolotarev metrics on the spaces C[0, 1] and I?[0, 1] in this context. As 
an application a short proof of Donsker's functional limit theorem is given. 
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1 Introduction 

The contraction method is an approach for proving convergence in distribution for sequences of 
random variables which satisfy recurrence relations in distribution. Such recurrence relations for 
a sequence (Xn)n>o are often of the form 

K 

Yn = y^Ar{n)Ylll+b{n), n>no, (1) 
r=l 

where = denotes that the left and right hand side are identically distributed, and {Yj^^)j>o have 
the same distribution as {Yn)n>o for all r = 1, . . . , i^, where K > I and no > are fixed integers. 
Moreover /("^ = ■ ■ ■ , Ij^^) is a vector of random integers in {0, ... , n}. The basic indepen- 
dence assumption that fixes the distribution of the right hand side is that iYj^^)j>Q , . . . , (Xj^^ )j>Q 
and {Ai{n), . . . , Axin), 6(n), /*^"^) are independent. Note however, that dependencies between 
the coefficients Ar{n), h{n) and the integers J^"'' are allowed. One might as well allow K to de- 
pend on n or the case K = oo, where straightforward generalizations of the results for our case of 
fixed K can be stated. 

Recurrences of the form (1) come up in diverse fields, e.g., in the study of random trees, the 
probabilistic analysis of recursive algorithms, in branching processes, in the context of random 
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fractals and in models from stochastic geometry where a recursive decomposition can be found, as 
well as in information and coding theory. For surveys of such occurrences see [18, 20, 26]. 

The sequence {Yn)n>o satisfying (1) often is a sequence of real random variables with real 
coefficients Ar{n), b{n). However, the same recurrence appears also for sequences of random 
vectors {Yn)n>o in M . Then the Ar{n) are random linear maps from M"' to R'^ and 6(n) IS a 
random vector in U.'^. We will also review below work that considered random sequences {Yn)n>o 
into a separable Hilbert space satisfying (1) where Ar{n) become random linear operators on the 
space and 6(n) a random vector in the Hilbert space. In the present work we develop a limit theory 
for such sequences in separable Banach spaces, where our main applications are first to the space 
C[0, 1] endowed with the uniform topology. Secondly, although not a Banach space, we will also 
be able to cover the space D[0, 1] equipped with the Skorokhod topology. Hence, we consider 
sequences (l^n)n>o of stochastic processes with state space M and time parameter t G [0, 1] with 
continuous respectively cadlag paths and are interested in conditions that together with (1) allow 
to deduce functional limit theorems for rescaled versions of {Yn)n>o- 

For functions / G C[0, 1] or / G ^[0, 1] we denote the uniform norm by 

ll/IU := sup 

xe[o,i] 

For functions f,g£ T)[0, 1], for the definition of the Skorokhod distance dsk{f, g) see Billingsley 
[5, Chaper 3, Section 12]. 

The rescaling of the process iYn)n>Q can be done by centering and normalization by the order 
of the standard deviation in case moments of sufficient order are available. Subsequently, we 
assume that the scaling has already been done and we denote the scaled process by {Xn)n>o- Note 
that affine scalings of the Yn implies that the sequence (X„)„>o also does satisfy a recurrence of 
type (1), where only the coefficients are changed: 

K 

Xn = Y,A^^)X%+h^^\ n>no, (2) 

r=l 

with conditions on identical distributions and independence similar to recurrence (1). The coef- 
ficients Ar"^ and 6^") in the modified recurrence (2) are typically directly computable from the 
original coefficients Ar{n), b{n) and the scaling used, see e.g., for the case of random vectors in 
W^, [18, equations (4)]. Subsequently we consider equations of type (2) together with assumptions 
on the moments of X„ which in applications have to be obtained by an appropriate scaling. 

For the asymptotic distributional analysis of sequences {Xn)n>o satisfying (2) the so-called 
contraction method has become a powerful tool. In the seminal paper [23] Rosier introduced this 
methodology for deriving a limit law for a special instant of this equation that arises in the analysis 
of the complexity of the Quicksort algorithm. In the framework of the contraction method first one 
derives limits of the coefficients A^\ b^"'\ 

4"^ ^ Ar, ^b, (n ^ oo) (3) 

(n) 

in an appropriate sense. If with n — )• oo also the Ir become large and it is plausible that the 
quantities X„ converge, say to a random variable X, then, by letting formally n — )• oo, equation 
(2) turns into 

K 

X = ^A^M + 6, (4) 

r=l 

with . . . , X(^) distributed as X and X^^\ X^^\ {Ai, . . . , Ak,b) independent. Hence, 
one can use the distributional fixed-point equation (4) to characterize the limit distribution C{X). 
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The idea from Rosier [23] to formalize such an approach and to derive at least weak convergence 
Xn —5- X consists of first using the right hand side of (4) to define a map as follows: If X„ are 
5-valued random variables, denote by A4 (B) the space of all probability measures on B and 



where {Ai, . . . , Ax, b), Z^^\ . . . , Z^^^ are independent and Z^^\ . . . , Z^^^ have distribution fi. 
Then, a random variable X solves (4) if and only if its distribution C{X) is a fixed-point of the 
map T. To obtain fixed-points of T appropriate subspaces of Ai{B) are endowed with a complete 
metric, such that the restriction of T becomes a contraction. Then, Banach's fixed-point theorem 
yields a (in the subspace) unique fixed-point of T and one can as well use the metric to also derive 
convergence of to C{X) in this metric. If the metric is also strong enough to imply weak 

convergence one has obtained the desired limit law X„ — X. 

This approach as been established and applied to a couple of examples in Rosier [23, 24] and 
Rachev and Riischendorf [22]. In the latter paper also the flexibility of the approach by using 
various probability metrics has been demonstrated. Later on general convergence theorems have 
been derived stating conditions under which convergence of the coefficients of the form (3) to- 
gether with a contraction property of the map (5) implies convergence in distribution Xn X. 
For random variables in M with the minimal £2 metric see Rosier [25], and Neininger [17] for 
R"^ with the same metric. For a more widely applicable framework for random variables in M'^ 
see Neininger and Riischendorf [18], where in particular various problems with normal limit laws 
could be solved which seem to be beyond the scope of the minimal £p metric, see also [19]. An 
extension of these theorems to continuous time, i.e., to processes {Xt)t>o satisfying recurrences 
similar to (2) was given in Janson and Neininger [14]. 

For the case of random variables in a separable Hilbert space leading to functional limit laws 
general limit theorems for recurrences (1) have been developed in Drmota, Janson and Neininger 
[10]. The main application there was a functional Umit law for the profile of random trees which, 
via a certain encoding of the profile, led to random variables in the Bergman space of square inte- 
grable analytic functions on a domain in the complex plane. In Eickmeyer and Riischendorf [11] 
general limit theorems for recurrences in I?[0, 1] under the Lp-topology were developed. Note, that 
the uniform topology for C[0, 1] and the Skorokhod topology for P[0, 1] considered in the present 
paper are finer than the Lp-topology. In C[0, 1], the uniform topology provides more continuous 
functionals such as the supremum / 1— )• sup^gjg,!] /(^) or projections / 1— > f{si, . . . , s^), for fixed 
si, . . . , Sfc G [0, 1], to which the continuous mapping theorem can be applied. In V[0, 1] these 
functionals are also appropriate for the continuous mapping theorem if the limit random variable 
has continuous sample paths. 

Besides the minimal ip metrics the probability metrics that have proved useful in most of the 
papers mentioned above is the family of Zolotarev metrics Q being reviewed and further developed 
here in section 2. All generalizations from M via M'^ to separable Hilbert spaces are based on the 
fact that convergence in (s implies weak convergence, see section 2. However, for Banach spaces 
this is not true in general. Counterexamples have been reported in Bentkus and Rachkauskas [4], 
sketched here in section 2.1. Also completeness of the Cs metrics on appropriate subspaces of 
Ai{B) is only known for the case of separable Hilbert spaces, see [10, Theorem 5.1]. 

Our study of the spaces (C[0, 1], || • ||oo) and (I'[0, 1], dgk) is also based on the Zolotarev met- 
rics Cs- Hence, we mainly have to deal with implications that can be drawn from convergence in 
the Cs metrics as well as with the lack of knowledge about completeness of Cs- In section 2.3 im- 
plications of convergence in the Zolotarev metric are discussed together with additional conditions 



T:M{B) ^ M{B) 



(5) 




(6) 
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that enable to deduce in general weak convergence from convergence in(s- A key ingredient here 
is a technique developed in Barbour [2] in the context of Stein's method, see also Barbour and Jan- 
son [3]. We also obtain criteria for the uniform integrability of { ||^n||^ | n > 0} for < s < 3 in 
the presence of convergence in the Zolotarev metric. This enables in applications as well to obtain 
moments convergence of the sup-functional. In section 3 we give general convergence theorems 
in the framework of the contraction method first for a general separable Banach space and then 
apply and refine this to the space (C[0, 1], || • ||oo) and develop a technique to also apply this to 
the metric space (2?[0, 1], d^fc). In particular we give a criterion for the finiteness of the Zolotarev 
metric on appropriate subspaces that can easily be checked in applications. To compensate for 
the lack of knowledge about completeness of the Q metrics we need to assume that the map T in 
(5) has a fixed-point in an appropriate subspace of M{C[0, 1]) and M{'D[0, 1]) respectively, see 
condition C3. In applications one may verify this existence of a fixed-point either by guessing one 
successfully: In the application of our framework to Donsker's functional limit theorem in section 
4 the Wiener measure can easily be guessed and be seen to be the fixed-point of the map T coming 
up there. Alternatively, in general the existence of a fixed-point may arise from infinite iteration 
of the map T: Applied to some probability measure such an iteration has a series representation 
for which one may be able to show that it is the desired fixed-point. This path is being taken in 
Broutin, Neininger and Sulzbach [6]. There, also our general convergence theorems of section 3 
are successfully applied to obtain a functional limit theorem in the context of complexity measures 
of algorithms. From this, various open problems on complexities are being solved. In section 4 we 
illustrate our functional contraction method by a short proof of Donsker's functional limit theorem. 
Here, we benefit from the fact of section 2 that weak convergence is implied by convergence in the 
Zolotarev metric at a logarithmic rate, cf. Theorem 9 and its Corollaries. 

Acknowledgments 

We thank Svante Janson for bringing the paper [2] to our attention and Alfredas Rackauskas for 
commenting on the counterexamples discussed in [4]. 

2 The Zolotarev metric 

Let {B, II • II) be a real Banach space and B its Borel fi-algebra. In this section, we will always 
assume that the norm on B induces a separable topology. We denote by A4 (B) the set of all proba- 
bility measures on {B,B). First, we introduce the Zolotarev metric C,s and collect some of its basic 
properties, mainly covered in [28, 30]. In the second subsection we define our use of the Zolotarev 
metrics on the metric space {VlO, l],dsk)- Although not a Banach space we will be able to de- 
clare the Zolotarev metrics on (I'lO, 1], dgk) using the notion of differentiability of functions 
2?[0, 1] — M induced by the supremum norm on ^[0, 1]. We also comment in remarks 6 and 7 on 
delicate measurability issues for the non-separable Banach space {B, \\ ■ ||) = (2?[0, 1], || • ||oo) 
and the realm of our methodology when working with the coarser (separable) topology on P[0, 1] 
induced by the Skorokhod metric. In the third subsection conditions that allow to conclude from 
convergence in C,s to weak convergence are studied for the case {B, || • ||) = (C[0, 1], || • ||oo) as 
well as for the case {VlO, 1], dgk)- We also discuss further implications from (^^ -convergence in 
these two spaces as well as criteria for finiteness of Cs- 

2.1 Definition and basic properties 

For functions / : i? — M which are Frechet differentiable the derivative of / at a point x is denoted 
by Df{x). Note that Df{x) is an element of the space L{B, M) of continuous linear forms on B. 
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We also consider higher order derivatives, where D^f{x) denotes the m-th derivative of / at 
a point X. Thus, D^f{x) is a continuous m-linear (or multilinear) form on B. The space of 
continuous multilinear forms g : B"^ — M is equipped with the norm 

Ibll = sup \g{hi,...,hm)\. 

\\hi\\<l,...,\\hm\\<l 

For a comprehensive account on differentiability in Banach spaces we refer to Cartan [7]. Subse- 
quently s > is fixed and for m := [s] — 1 and a := s — m we define 

Ts = {f:B^R: p™/(x) - D^f{y)\\ < \\x - Vx,y G 5} (7) 

For /X, z/ G A4{B) the Zolotarev distance between /x and u is defined by 

Cs{^^,u)= snp\E[f{X)-f{Y)]\, (8) 

where X and Y are S-valued random variables with C{X) = fi and C{Y) = v. Here C{X) 
denotes the distribution of the random variable X. The expression in (8) does not need to be finite 
or even well-defined. However, we have Cs(/^; z^) < oo if 



j \\x\\^ dfi{x), J (ii^(x) < oo 



(9) 



and 

f{x,...,x)dfj,{x)= I f{x,...,x)diy{x), (10) 



for any bounded fc-linear form f on B and any 1 < k < m. For random variables X, Y in B 
we use the abbreviation Cs{X, Y) := Cs(£(X), £(>")). Finiteness of Cs{X, Y) in R'^ fails to hold 
if X and Y do not have the same mixed moments up to order m. The assumption on the finite 
absolute moment of order s can be relaxed slightly, see Theorem 4 in [29]. 
We denote 

MsiB) := |/x E M{B) j ||xf dfiix) < oo} 

and for all u e Ms{B) denote 

Msii^) ■■= |/x G MsiB) /X and satisfy (10)|. 

Then, (s is a metric on the space A4s{i^) for any u G M-s{B), see [31, Remark 1, page 198]. 

A crucial property of Q in the context of recursive decompositions of stochastic processes is the 

following Lemma, see Theorem 3 in [29]. A short proof is given for the reader's convenience. 

Lemma 1. Let B' be a Banach space and g : B ^ B' a linear and continuous operator. Then we 
have 

Cs{g{X),g{Y)) < \\gr Cs(.X,Y), C{X),C{Y) G Ms{i^). 
Here, \\g\\ denotes the operator norm of g, i.e., \\g\\ = sup^.^^ i|a;||<i 
Proof. Note, that g is also bounded. It suffices to show that 
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where F'^ is defined analogously to Fs in B' . Let f ^ Fg and rj := H^H f °g- Then rj is m-times 
continuously differentiable and we have D^rj{x) = \\g\\~'^ {D'^ {f {g{x))) o D^g{x) for x & B. 
This implies 

||Z)-r/(x) - D-r?(y)|| = ||<7ir^ o ^"^(x) - ^'"/(^(y))) o D"<7(y)ll 

< ||5ir"||5(x)-<7(y)ir 

= \\g\\-\\gix-y)r<\\x-yr. 

The assertion follows. □ 

Another basic property is that is (s, +) ideal: 
Lemma 2. T/je metric Qg is ideal of order s on Aig^i') for any v £ Ms{B), i.e., we have 

Cs{cX,cY) = \c\Xs{X,Y) 
Cs{X + Z,Y + Z) < Cs{X,Y) 

for any c G M\{0}, C{X), C{Y) G A^s(zv) and random variables Z in B, such that {X, Y) and 
Z are independent. 

The Lemma directly implies 

CsiXi + X2,Y^ + Y2) < Cs{Xi,Y,) + UX2,Y2) (11) 

for C{Xi),C{yi) G Msii^i) and £(X2),£(y2) G Ms{iy2) with arbitrary ui,U2 € Ms{B) such 
that {Xi, Yi) and (X2, 12) are independent. 

We want to give a result similar to Lemma 1 where the hnear operator may also be random 
itself. We focus on the case that B' either equals S or M where an extension to M'^ for d > 1 is 
straightforward. Let B* be the topological dual of B and B be the space of all continuous linear 
maps from B to B. Endowed with the operator norms 

||/||op= sup \f{x)\, ||/||op= sup ||/(X)||, 

^eB,||a;|j<l a;e-B,||a;||<l 

both spaces, B* and B respectively, are Banach spaces. However, these spaces are typically non- 
separable, hence not suitable for our purposes of measurability. Therefore, we will equip them 
with smaller u-algebras. Similar to the use of weak-* convergence, let B* be the cj-algebra on B* 
that is generated by all continuous (with respect to || • ||op) linear forms ip on B* (i.e., elements of 
the bidual B**) of the form ip{a) = a{x) for some x £ B. Note that the set of these continuous 
linear forms coincides with the bidual B** if and only if B is reflexive, a property that is not 
satisfied in our applications. We move on to B and define B to be the cr-algebra generated by all 
continuous (with respect to || • ||op) linear maps Tp from i? to i? of the form Tp{a) = a{x) for some 
X e B. By Pettis' Theorem, we have B = a{i e B*). Hence, ii S <Z B* with B = a{e e S), then 
B is also generated by the continuous hnear forms g on B that can be written as Q{a) = i{a{x)) 
for ^ e 5 and x e B. 

Using the separability of B it is now easy to see that the norm-functionals i?* — )• M, / 1— )• 
II /Hop and _B — > M, / 1-^ ||/||op are B*-B{R) measurable and B-B{R) measurable respectively. 

Definition 3. By a random continuous linear form on B we denote any random variable with 
values in {B*,B*). Analogously, random continuous linear operators on B are random variables 
with values in {B,I3). 
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Note that the definition of the cr-algebras B* and B impUes in particular that for any a ^ B* 
or a G B,x G B, random continuous linear form or operator A and random variable X in B, 
we have that the compositions a{X), A{x) and A{X) are again random variables. The latter 
property follows from measurability of the map (a, x) i— )• a{x) with respect to {B* ® B)-B{'M.) and 
[B (g) B)-B respectively. In the case of the dual space this follows as for any r G M we have 

{{a,x) £ B* X B : a{x) < r} 

= U U n U {« e ^* : «(ei) <r- l/k} x {x £ B : \\x - aW < 1/n}, 

k>l m>l n>m i>l 

where {cj | i > 1} denotes a countable dense subset of B; the case B being analogous. 
The following Lemma follows from Lemma 1 by conditioning. 

Lemma 4. Let C{X), C(Y) G A4s(iy) for some v G Ais{B). Then, for any random linear 
continuous form or operator A with E [H^H^p] < oo independent of X and Y, we have 

UA{X),A{Y)) <E[\\A\\l^]Cs{X,Y). 

Zolotarev gave upper and lower bounds for Cs. most of them being valid if more structure on 
B is assumed. Subsequently, only an upper bound in terms of the minimal £p metric is needed. 
For p > and p,v £ M-p{B) the minimal £p distance between /x and u is defined by 

ip{p,,.)=mfE[\\X-YrfM''\ 

where the infimum is taken over all common distributions C{X, Y) with marginals C{X) = fi and 
C{Y) = V. We abbreviate lp{X, Y) := lp{C{X), C{Y)). 

The next Lemma gives an upper bound of C,s in terms of where the first statement follows 
from the Kantorovich-Rubinstein Theorem and the second essentially coincides with Lemma 5.7 
in [10]. 

Lemma 5. Let C{X),C{Y) G Ms{v) for some u G Ms{B). Ifs<l then 

UX,Y)=£s{X,Y). 

If s > 1 then 

Cs{X,Y) < (E[||X|r]i-i/^ + E[||y|r]^-^/^) £s{X,Y). 

If Xn,X are real-valued random variables, n > 1, then Cs{Xn, X) — implies convergence 
of absolute moments of order up to s since there is a constant Cs > such that the function 
\x\^ is an element of Fg, hence E [|^n|* — \^\'^] — ^Csi^n, X). 

We proceed with the fundamental question of how convergence in the distance relates to 
weak convergence on B. By the first statement of the previous lemma, or more elementary, by 
the proof of the Portementeau Lemma [5, Theorem 2.1, ii)=^ iii)] one obtains that for < s < 1 
convergence in the Cs metric implies weak convergence, see also [10, page 300]. 

If is a separable Hilbert space, then for any s > convergence in the Qg metric implies 
weak convergence. This was first proved by Gine and Leon in [13], see also Theorem 5.1 in 
[10]. In infinite-dimensional Banach spaces convergence in the Cs metric does not need to im- 
ply weak convergence: For any probability distribution jj. on B = C[0, 1] with zero mean and 
/ < oo for some s > 2 that is pregaussian, i.e. there exists a gaussian measure u on 

C[0, 1] with zero mean and the same covariance as fi, one has Cs-convergence of a rescaled sum of 
independent random variables with distribution /i towards u, see inequality (48) in [28]. However, 
pregaussian probability distributions supported by a bounded subset of C[0, 1] that do not satisfy 
the central limit theorem can be found in [27]. Note that convergence with respect to Cs implies 
convergence of the characteristic functions, hence Cs(-^n, X) — )• implies that C{X) is the only 
possible accumulation point of {C{Xn))n>o in weak topology. 
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2.2 The Zolotarev metric on {V[0, 1] , d^i,) 



In this section we discuss our use of the Zolotarev metric on the metric space (2?[0, 1], dsk) of 
cadlag functions on [0, 1] endowed with the Skorokhod metric. The Borel u-algebra of the induced 
topology is denoted by Bgk- AH relevant information on this space is contained in [5, Chapter 3]. 
In particular, (I'[0, l],dsk) is a Polish space, Bsk coincides with the fi-algebra generated by the 
finite dimensional projections, the cr-algebra generated by the open spheres (with respect to the 
uniform metric) and the cr-algebra generated by all norm-continuous linear forms on ^[0, 1], see 
[21, Theorem 3]. Subsequently, norm on D[0, 1] will always refer to the uniform norm || • ||oo- 
Moreover, the norm function I?[0, 1] — )• M, / i— )• ||/||oo is i3sfc-i3(M) measurable. By Theorem 2 in 
[21] and its generalization to continuous multilinear functions, see the end of the proof of Lemma 
23, any norm-continuous A;-linear form on ^[0, 1] is {Bsk)^^-B(M.) measurable. By Theorem 4 
in [21], any norm-continuous linear map from D[0, 1] to V[0, 1] is Bgk-^sk measurable. We do 
however not know whether Fg defined in (7) based on the uniform norm on D[0, 1] is a subset of 
the i3sfc-;B(M) measurable functions. Hence, we denote the Bgk-^i^) measurable functions by 8 
and define the Zolotarev metrics analogously to (8) by 

U^^,u)= sup |E[/(x)-/(y)]|, 

where X and Y are ('D[0, 1], dsfc)-valued random variables with C{X) = ^ and C{Y) = v. 

We denote by 7Ws(D[0, 1]) the set of probability distributions /xon2?[0, 1] with / < 
cx) and for v G A^s(!D[0, 1]), we define M-siy) to be the subset of measures from 7Ws(!D[0, 1]) 
satisfying (10). Then, is a metric on M.s{y) for all v G A^s(P[0, 1]), Lemma 1, Lemma 2, 
inequality (11), Lemma 5 and the implication C,a{Xn^X) — )• =^ X„ — )• X in distribution if 
< s < 1 remain valid. 

The situation becomes more involved concerning random linear forms and operators as defined 
in Definition 3 in the separable Banach case. Let 2?[0, 1]* and P[0, 1] be the dual space respectively 
the space of norm-continuous endomorphisms on P[0, 1] as in the Banach case. For reasons of 
measurability we need to restrict to smaller subspaces. Let ^[0, 1]* C D[0, 1]* be the subset of 

functions that are additionally continuous with respect to d^k- Analogously, P[0, 1]^ C D[0, 1] are 
those endomorphism which are continuous regarded as maps from (P[0, 1], d^k) to (^^[0, 1], dgk). 
We endow 2?[0, 1]* with the a-algebra generated by the function / ^ ||/||op and all elements ip 

of D[0, 1]** of the form 99(0) = a{x) for some x £ D[0, 1]. Also the cj-algebra on P[0, 1]^ is 

generated by the function / 1— ||/||op and the continuous linear maps ip: V[0,l] — 'D[0, 1] of the 
form ip{a) = a{x) for some x G P[0, 1]. Under these conditions, we have the same measurability 
results as in the Banach case and Lemma 4 remains valid. 

Remark 6. Note that we could as well develop the use of the Zolotarev metric together with the 
contraction method for the Banach space {T>[0, 1], || • ||oo)- This can be done analogously to the 
discussion of sections 2.3 and 3 and in fact would lead to a proof of Donsker's theorem similar to 
the one given in section 4.1 when replacing the linear interpolation 5" = (»S'")te[o,i] by a constant 
(cadlag) interpolation of the random walk. However, the applicability of such a framework seems 
to be limited due to measurability problems in the non-separable space (I?[0, 1], || • ||oo): For 
example, the random function X defined by 

Xt = i{t>u}, te[o,i], 

with U being uniformly distributed on the unit interval is known to be non-measurable with respect 
to the Borel-(j-algebra on (D[0,1], || • ||oo)- However, we have applications of the functional 
contraction method developed here in mind on processes with jumps at random times. Examples 
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of such applications in the context of random trees are given in [6]. Hence, in order to even have 
measurabihty of the processes considered it requires to work with the coarser Skorokhod topology 
than the uniform topology and this is our reason for using the Zolotarev metric on (2?[0, l],dsk) 
instead of (P[0, 1],|| • ||oo)- 

Remark 7. Although the methodology developed below covers sequences (X„)„>o of processes 
with jumps at random times these times will typically need to be the same for all n > no- In 
particular sequences of processes with jumps at random times that require a (uniformly small) 
deformation of the time scale to be aligned cannot be covered by this methodology. The technical 
reason is that in condition CI below the convergence of the random continuous endomorphisms 
ll^r"^ — Ar\\s is with respect to the operator norm based on the uniform norm which in general 
does not allow a deformation of the time scale. 



2.3 Weak convergence on (C[0, 1], || • ||oo) and (^^[0, l],dsk) 

In this subsection we only consider the spaces (C[0, 1], || • ||oo) and (I^[0, l],dsk)- 

For random variables X = {X{t))t^[o^^,Y = (y(t))te[o,i] in (C[0, 1], || • ||oo) withC.(X,y) < 
oo we have 

Cs{{X{ti), . . .,X{tk)), {Y{ti), . . .,Y{tk)) < k'/^Cs{X, Y) (12) 

for all < ti < ... < tk < 1. This follows from Lemma 1 using the continuous and linear 
function g : C[0, 1] — 'K^,g{f ) = (/(ti), • • • ,f{tk)) and observing that \\g\\ = \fk. Hence, we 
obtain for random variables X in (C[0, 1], || • ||oo), > 1, the implication 

6(x„,x)^o ^ Xn^x. 

Here, denotes weak convergence of all finite dimensional marginals of the processes. Addi- 
tionally, if Z is a random variable in [0, 1], independent of and X, then applying Lemma 4 
with the random continuous linear form A defined by ^(/) = f(Z) implies 

<E[Z^]Cs(X„,X). (13) 

In the cadlag case, i.e. X = (X(t))tgjo,i]' ^ = (^(*))te[o,i] being random variables in 
(P[0, 1], dsfc) inequality (12) remains true but (13) does not; almost surely, the operator A is no el- 
ement of I?[0, 1]*. However, by Theorem 2 in [29], the convergence of the characteristic functions 
of Xn{C) is uniform in t, hence we also have convergence in distribution of Xn{Z) to X{Z). The 
same argument works for the moments of Xn{Z). We summarize these properties in the following 

proposition, where denotes convergence in distribution. 

Proposition 8. For random variables Xn, X in (C[0, 1], || • ||oo) or {T>[0, l],dsk), n > 1, with 
CsiXn, X) — 0/or n ^ oo we have 

Xn^X. 

C{X) is the only accumulation point of (£(X„))„>i in the weak topology. For all t G [0, 1] we 
have 

Xnit) ^ X{t), E [\XrM'] ^ E ilXm . 
For any random variable Z in [0, 1] being independent of {Xn) and X we have 

E [\Xn{Z)\'] ^ E [\X{Z)n , Xn{Z) ^ X{Z). 
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To conclude from convergence in the Q metric to weak convergence on (C[0, 1], || • ||oo) or 
(P[0, l],dsk) further assumptions are needed. Let, for r > 0, 

Cr[0,l] := {/ G C[0,1] \30 = ti<t2<-- - <ti = iy i = !,...,£ : 

\ti-ti-i\ > r, / 1 J ^t^] is linear} ( 14) 

denote the set of all continuous functions for which there is a decomposition of [0, 1] into intervals 
of length at least r such that the function is piecewise linear on those intervals. Analogously, we 
define 

Vr[0,l] ■■= {/ G ^[0,1] \30 = ti<t2<---<ti = iyi = !,...,£■. 

\ti — ti-i\ > r, /|[ti„i,ti) is constant, continuous in 1}. (15) 

Theorem 9. Let Xn be random variables in Cr„ [0, 1], n > 0, and X a random variable in C[0, 1]. 
Assume that for < s < 3 with s = m + a as in (7) 

UXn,X) = o(^log-"'(^^^y (16) 

Then Xn — X in distribution. The assertion remains valid ifC[0, l],Cr„[0, 1] are replaced by 
P[0, 1], Vr,^ [0, 1] endowed with the Skorokhod topology and X has continuous sample paths. 

As discussed above, Cs convergence does not imply weak convergence in the spaces C[0, 1] 
and D[0, 1] without any further assumption such as (16). In the counterexample from [27], the 
sequence Snl\/n there converges to a gaussian limit with respect to for 2 < s < 3 and is 
piecewise linear but the sequence r„ can only be chosen of the order (cn)~^" for some c > 0. 
Hence, (16) is not satisfied. 

In applications such as our proof of Donsker's functional limit law in section 4. 1 or the appli- 
cation of the present methodology to a problem from the probabilistic analysis of algorithms in [6] 
the rate of convergence will typically be of polynomial order which is fairly sufficient. 

We postpone the proof of the theorem to the end of this section and state two variants, where the 
first one. Corollary 10, contains a slight relaxation of the assumptions that is useful in applications. 
The second one will be needed in the case s > 2, see subsection 4. 

Corollary 10. Let Xn,X be C[0, 1] valued random variables, n > 0, and < s < 3 with 
s = m + a as in (7). Suppose Xn = Yn + hn with Yn being C[0, 1] valued random variables and 
hn S C[0, 1], n > 0, such that ||/i„ — h\\oo — )• Ofor a h G C[0, 1] and 

p(y„^c,„[o,i])^o. (17) 

Cs{Xn,X)=o(log-^ ^ 



then 

Xn^X. 

The statement remains true ifC[0, 1] and Cr,^ [0, 1] are replaced by I'[0, 1] and T>r„ [0, 1] endowed 
with the Skorokhod topology respectively, X has continuous sample paths and h remains continu- 
ous. 
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Corollary 11. Let Xn,Yn,X be C[0, 1] valued random variables, n > 0, and < s < 3 with 
s = m + a as in (7). Suppose Xn G Cr„ [0, l]for all n and Yn ^ X in distribution. If 

UXn.Yn) = o(\og~'^ (^^ 

then 

Xn^X. 

The statement remains true ifC[0, 1] and Cr„ [0, 1] are replaced by P[0, 1] and Dm [0, 1] endowed 
with the Skorokhod topology respectively and X has continuous sample paths. 

In C[0, 1] (or D[0, 1] if the limit X has continuous paths), convergence in distribution implies 
distributional convergence of the supremum norm ||X„||oo by the continuous mapping theorem. 
In applications, one is also interested in convergence of moments of the supremum. For random 
variables X in C[0, 1] or D[0, 1], we denote by 

\\X\U:= (E[||X||y)(V«)^i 

the Ls-norm of the supremum norm. For technical reasons, we have to restrict ourselves to integer 
s G {1, 2, 3} in the following theorem. Note that (7) then implies m = s — I. 

Theorem 12. Let Xn, X beC[0,l] valued random variables and s £ {1, 2, 3} with \\Xn\\s, \\X\\s < 
oo for all n > 0. Suppose one of the following conditions is satisfied: 



L Xn G Cr„ [0, 1] for all n and 



UXn,X) = o[\og-^[^] ). (18) 



2. Xn = Yn + hn with Yn being C[0, 1] valued random variables and hn £ C[0, 1], n > 0, 
such that \\hn — /i||oo — ^ Ofora h G C[0, 1], 

E[||Xniri{y„^c,.jo,i]}] ^0 (19) 

and 

C.(X„,X) = o(^log-™(^i- 

3. (Yn)n>o CI sequence o/C[0, 1] valued random variables with Yn < Z almost surely for a 
C[0, 1] valued random variable Z with \\Z\\s < oo, Xn G Cj-,, [0, l]/or all n and 

6(x„,y„) = o(iog— ' ^ 



Then {\\Xn\\^ \ n>0} is uniformly integrable. All statements remain true //'C[0, l],Cr„[0, 1] are 
replaced by P[0, 1], [0, 1] and h in item 2 remains continuous. 

It is of interest whether the metric space {M.g{y), Cs) is complete. This is true for < s < 1. 
Also, in the case that i? is a separable Hilbert space, this holds true, see Theorem 5.1 in [10]. 
Nevertheless, the problem remains open in the general case, in particular in the cases C[0, 1] and 
P[0, 1] with s > 1. We can only state the following proposition. 
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Proposition 13. Let {p,n)n>o be a sequence of probability measures on C[0, 1] or I'[0, 1] that is 
a Cauchy sequence with respect to the Q metric for some s > 0. Then there exists a probability 
measure n on rI'^'^I such that 

Ain ^ Ai- (20) 

Proof. According to (12), . . . ,X„(tfc))n>o is a Cauchy sequence and hence it exists a 

random variable 1*1,...,*^. in M'^ with 

The set of distributions of 1*1,...,*^. for < ti < . . . < ^ 1 and € N is consistent so there 
exists a process X on the product space M^'^'^l satisfying (20). □ 

Remark 14. If the distribution jj, found in Proposition 13 has a version with continuous paths then 
condition (10) for fin and /i is satisfied. 

We now come to the proofs of the Theorems and Corollaries. Theorem 9 essentially follows 
directly from Theorem 2 in [2], see also [3]. Nevertheless, we present a version of the proof given 
there so that we can deduce the variants and implications given in our other statements. A basic 
tool is Theorem 2.4 in [5]. The following Lemma is a special case of it. 

Lemma 15. Let {fJ.n)n>o, fJ- be probability measures on a separable metric space {S,d). For 
r > 0, X & S let Br{x) = {y £ S : d{x, y) < r}. If for any xi, . . . ,Xk G S,^i, . . . > with 
li{dB^.{xi)) = Ofori = 1, . . . ,k it holds 




where / = {!,..., k}, then fin ^ fi weakly. 

It is easy to infer tightness of {fin)n>o from Lemma 15 in the continuous case which would 
be sufficient in view of Proposition 8. A main difficulty in deducing weak convergence from con- 
vergence in (s compared to the Hilbert space case is the non-differentiability of the norm function 
X I— >• ||a^||oo> see [8, page 147]. We will instead use the smoother L^-norm which approximates the 
supremum norm in the sense that 

Lp{x) \\x\\oo, (21) 

for any fixed x G C[0, 1] as p — )• oo. 

For the remaining part of this section, p, for fixed values or tending to infinity, is always to be 
understood as an even integer with p > 4. We use the Bachmann-Landau big-0 notation. 

Lemma 16. For x,y e C[0, 1] let 

Lpix) = (^l\xit)rdt^ , = ((1 + [x - y]2)V2) . 

Then Lp is smooth on C[0, 1]\{0} where is the zero-function and %l)p^y is smooth on C[0, l]for 
all y G C[0, 1]. Furthermore for k G {1, 2, 3}, we have 

\\D^Lp{x)\\ = 0{p^-^Ll-\x)), 

uniformly for p and x G C[0, 1]\{0}. Moreover, again for k G {1, 2, 3}, 

||D'=Vp,y(x)|| = 0(p'=-^) (22) 
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uniformly for p and x,y G C[0,1]. All assertions remain valid when C [0, 1] is replaced byT)[{), 1], 
moreover both functions Lp and ipp^y are continuous with respect to the Skorokhod metric for all 
p and y G 'D[0, 1]. 

Proof. The smoothness properties are obvious. Differentiating Lp by the chain rule yields 

DLp{x)[h] = U [x{t)]Pdt] J [x{t)]P-^h{t)dt. 

For h E C[0, 1] with \\h\\ < 1 by Jensen's inequality and Lp{h) < \\h\\ we obtain that the right 
hand side of the latter display is uniformly bounded by 1. The bounds on the norms of the higher 
order derivatives follow along the same lines. Using the same ideas, it is easy to see that 

\\D%,y{x)\\ = O (j2pi-'Ll-^{Uy{x))j , 

uniformly in p and x, y G C[0, 1] where ojy{x) = (1 + |x — yp)^/^. This gives (22). □ 

Note that the convergence in (21) holds pointwise; it is easy to construct a sequence of contin- 
uous functions {xp)p>o such that Lp{xp) — >■ and ||xj,||oo — )■ oo as p — oo. Additionally to the 
obvious bound Lp{x) < \\x\\oo we will need the following simple Lemma which contains sort of 
a converse of this inequality. 

Lemma 17. Let f G "Z^rlO, 1], g G C[0, 1] and denote by A(-) the Lebesgue measure on the real 
line. Then for any 7 > and < "i? < 1 there exists 5 = 5(g, 7, -i?) > such that 

11/ - 5ll > 7 ^ A ({t : \f{t) - g{t)\ > (1 - ^)7}) > ^ min (r, 6) . 
Let f G Cr[0, 1] and g, 7, "i? as above. Then, there exists 6 = 5{g,'y,i!)) > with 

11/ - 5ll > 7 ^ A ({t : \f{t) - g{t)\ > (1 - ^9)7}) > J min (r, 5) . 

b 

We start with the proofs of Theorem 9 and its corollaries in the continuous case. 

Proof. (Theorem 9) For r > 0, x G C[0, 1] let Br{x) = {y G C[0, 1] : ||y — x|| < r}. According 
to Lemma 15, we need to verify that 

P (^Xa G QB^^ixi)^ ^ P G Qs^,(xi)^ , (23) 

for / = {1, . . . , k} and xi,. . . ,Xk G 5, 71, . . . , 7^ > such that P (X G {dB^.{xi))) = 0. The 
lack of uniformity in (21) leads us to lower- and upperbounding the desired quantity. We will 
establish 

limsupP ( X„ G n B^^{xi) ) < P I X G n B^^x,) I (24) 



and 



Hm inf P G Q B^^ (x^) j > P ^X G Q B^^ (x^) j (25) 
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separated from each other. To this end we construct functions Qi^n^ 9i,n :C[0, 1] [0,1] satisfying 

gi,n{^) < l{B-,^{x,)}{x) < gi,n{x), for all X G Cr,JO, 1], (26) 
(x) ^ l{B^.{x,)}{x), forallx e C[0, l]\5S^.(xi), (27) 

and such that a„ Hie/ Hie/ ^^.^i ^ ^^'^ appropriate constants an, (in > 0. Then we can 

conclude 



P x„ e f|5^,(xi) < E 



Y\_9i,n{Xn) 



< E 



and 



P x„ef|5^,(x,) >E 



> E 



.iGl 



+ a-\s{Xn,X) (28) 



a-^Cs{Xn,X). (29) 



Now, if a^^Csl-'^n, X) for n — oo then (28) impUes (24) and similarly (25) follows from (29)) if 

Qn^QiXn, X) as n — )• CXD. 

Let us a give motivation of how to construct the functions According to (27), asymp- 
totically, the functions gi^n have to separate points x G C[0, 1] which are in B^.{xi) from those 
which are not. This is why we use the Lp norm. Consider 'ipp,Xi as introduced in Lemma 16. If 

X e B^^{xi) then tpp,Xi{x) < (1 + "ff)'^^'^ whereas if x ^ B^-{xi) then lim infp^oo (a^) > 

Let 99 : M — [0, 1] be a three times continuously differentiable function with ip{u) = 1 for 
n < and v?(n) = for n > 1. For ^ G M and r/ > we denote ip^^r^ '■ — >• [0, 1] by 

'feM = ip{{u- Q)/ri). 

Let gi{x) = (/3(i+^2)i/2 .^(V^p.z.Ca:;))- Let gi^n = gi with = r/„ | and p = p„ f oo- Then gi^n 
has the properties in (26) and (27). 

Now we construct gi^n- Let < < 1 and x G Cr„[0, 1]. Since the family {xi)i^i is uniformly 
equicontinuous, by Lemma 17 we can find 5 = 5{'d) (also depending on xi, . . . , x^, 71, . . . 7a; 
which are kept fixed) with 

min(r„,5) 



\x - Xi\\ > 7i} C |A({t : |x(t) - x,(t)| > 7i(l - > 

e|^,.,(x)>(i + 7.'(i-^)Y/ 

^ {9i,nix) = 0}, 
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f T^iri {rn,6) 

6 



(30) 



with gi^nix) = '^(i+^2(i_ii)2)i/2(i„in(,.„,5)/6)i/P-r,,,,(V'p,x,(a:)). This gives (26). gt^n does not fulfill 
(27), but we have 

gi,n{x) ^ l|B^^(^_^j(^^)}(x) 



for X G C[0, l]\9i?^-(i_^)(xj) and p = t 00, = r/„ | such that 
every < i? < 1 with P (X G a5^^(i_^)(xi)) = for alH G I 



1. This gives for 



lim E 

n— >oo 



P^XGQi?^,(i_^)(x,)j 



U^iAx) 

sal 

Assuming that a„ Hie/ ^ -^s and letting n tend to infinity (29) rewrites as 
limi 



liminfP (Xn G C\B^^{xi) \ > P (x G fl B^,(i_^)(x,) ) - limsup ^^^^^(X,, X), (31) 
V ie/ / V i&i J 
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where a„ may depend on {} and 5. Below, we will see that the error term on the righthand side of 
(31) vanishes as n — ^ oo uniformly in 5. So choosing ^9 \. such that P (X G = 
for alH G / the assertion 

UminfP G Q5^,(xi)^ > P G Qb^,(x,)^ 

follows. 

It remains to show that the error terms vanish in the limit. By Lemma \6 g{x) = (f)^^^] {'>Pp,y (x)) 
and using the mean value theorem we obtain for m = 0, 1, 2 
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(m) 



for p > 4, ?7 < 1 and some constants Cm > 0. It is easy to check that the same is valid for products 
of functions of form g with different constants, independent of the parameters. It follows that both 
error terms in (28) and (31) are bounded by C'^p^i^n ^"^^^^si^n^X) for all n, uniformly in 6, 
where denotes a fixed constant for each m G {0, 1, 2}. By (16) we can choose p„ t oo and 

1 /jD 

r]n such that both r„ — 1 and the error terms vanish in the hmit. □ 

Proof. (Corollary 10) Again, according to Lemma 15 we only have to verify (23), for which we 
modify the proof of Theorem 9: First note that the assumption of piecewise linearity of X„ and 
the convergence rate for (s{Xn,X) are not necessary for the upper bound 

limsupP G (^Qb^M?!^ <p(^Xg ^7.(^0^^ • 
For the lower bound let e > and note that 

P ^^n G Q > P (^^n G Q {xi) H {Yn G [0, 1]} ^ 

We modify the functions gi,n{x)- Let < < 7i such that 



P G n^7A,(^0j >P(^X€ QB,M)j 



and P (^X G dB^^_ [xi]^ = for all i. Let < i? < 1 and no be large enough such that 

Qn = \\hn - h\\oo < mini(7i^^(l - ■!?) A 7 - 7xJ and P {¥„. ^ CrJO, 1]) < e) for all n > uq. 
Then, since the functions (xj — h)i^j are uniformly equicontinuous, by Lemma 17 there exists 
6 = 5{'&) such that for y G Cr„ [0, 1] with x = y + hn and n > no 

{\\x - Xi\\ > 7i} C {||y + h- Xi\\ > 7^,} 

C |A({t : \yit) + hit) - xM > 7A7(1 " m > ^""1^ 

C |A({t : \x{t) - xM > jK^l - T?) - gn}) > """"^^"''^^ 

^ > (1 + (7K.(1 - ^) - Sun/' (^^^^^^^ 

c {gi,n{x) = 0}, 
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with gi^n{x) = </'(i+(^^.(i_^)_g,^)2)i/2(j„in(^^^5)/6)i/p_^_^(^p,:.,(x)). Hence, 



> E 



> E 



,[0,1]} 



gi,n{Xn 

.iel 



— e 



for n > uq. The upper bound of the error term a^^^CsiXn, X) is a function of p and r] so it is 
uniform in gn,i!}, 6- Following the same lines as in the proof of Theorem 9 gives 



Xi - e 



liminfP lxn€f]B^^ixi)] > p(xef|5^^^( 

\ iel / \ iei 

> P (^X € Qb^,{x,)^ -2e. 

Since e > was arbitrary, the result follows. 

Proof. (Corollary 1 1) In the setting of the proof of Theorem 9, (28) rewrites as 

P (^Xn e QB.,{x.i)^ 

Y[gi,n{Xn) <E n(7i,n(i;) 
.iel J Liel 

l[gi,n(Yn) -E llgi,n{X) 



□ 



< E 



+ '^n^Cs{Xn, y-n) 



.iel 



.iel 



+ E 



.iel 



+ (^n'^Cs{Xn, 



We may choose 1^ — )• X almost surely. On the event {X G Bj^{xi)} we have lim„ (?i,n(^n) = 
limngi,n{X) = 1 and on {X ^ By^{xi)} we have lim„gi,„(y„) = lim„g'i,„(X) = 0. Since 
P{X e dB^^{xi)) = it follows 

WgrA^n) -WgiAX) ^ ^ 

iel iel 

forn — )• oo almost surely and dominated convergence yields 

limsupP (Xn &[^B^^{x^)\ < P lx£f]B^^{xi)] , 
\ iei J \ / 



just like in the proof of Theorem 9. The lower bound follows similarly. 



□ 



We now head over to the case of cadlag functions. We only discuss the approach in the proof 
of Theorem 9. Following exactly the same arguments as in the continuous case and using the 
additional statements of Lemma 16 and Lemma 17, it is easy to see that we also obtain (23) if 
the balls B^^{xi) are defined with the uniform metric in 2?[0, 1]. Remember that we still have 
Xi E C[0, 1]. Note, that it is at the core of Skorokhod's representation theorem, see [5, Theorem 
6.7] that, if X is continuous and (23) is satisfied, we can construct versions of {Xn) and X on a 
common probability space with — X||oo — almost surely. This implies dsk{Xn, X) — 
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almost surely, hence the assertion. 



The proof of Theorem 12 is close to the one of Lemma 5.3 in [10]. The Lp approximation of 
the supremum norm complicates the argument slightly. We only give all details in the continuous 
case. 

Proof. (Theorem 12) Suppose s G {1, 2, 3} and that the first assumption of Theorem 12 is satis- 



. be a smooth, monotone function with k{u) = for |m| < i and k{u) 



ul 



fied. Let K : M - 

for |u| > 1. We may as well assume that the interpolation for | < u < 1 is done smoothly such 
that we have k{u) < lii]^ for | < n < 1, thus k{u) < |n|'' for all n G M. Let /, /(p) : C[0, 1] ^ M 
be given by 

f{x) = K{\\x\\), 

By Lemma 16, the restrictions of Lp and f^'P'> to C[0, 1]\{0} are smooth. Furthermore, all deriva- 
tives of /(P) vanish for ||x|| < 1/2 which implies that /^^^ is smooth on C[0, 1]. Again, by Lemma 
16 it is easy to check that for any A; G {1, . . . , s}. 



s—k\ 



uniformly in p and x G C[0, 1]. Hence, ||Z)'*/(p)(z)|| = 0{p"^) uniformly for all z, in particular 
for the set [x, y] := {Xx + (1 — X)y | A G [0, 1]}, and by the mean value theorem 

\\D^f(p){x) - D^f(P\y)\\ = 0{pn\x - y\\). 
Hence, there is a constant c > such that cp^"^f^P^ G J^s for all p > 4. We define, for r > 0, 

fr{x) := cr^fix/r), 
f^P\x) :=cr'f'^P\x/r). 



Then p "^f^^^ G Ts- Furthermore, fr{x) and fr^'{x) are bounded by c||x||'' for all x G C[0, 1], 
uniformly in p. For any fixed x we have fr{x) — )• and supp>4 fr^\x) — )• as r — )• oo. Hence, 
by E [ll^ll'*] < oo and dominated convergence this implies 



E 



sup/(?')(X) 

p>4 



0, (r oo). 



(32) 



By definition of C,s we have 



E 



< E 



By definition of fr, for ||x|| > r we have = c ^ fr{x). Hence, 

C~"^E [fr{Xn)l{\\X„\\>2r}] 



E l|||jf^||>24j 



< c~^E 



< c~^E 



+ c- 



E 



(/,(X„)-/(P)(X„))1|„^„I 



>2r} 



f^^\X)\ +C-'p"'UXn,X) 



{||X„||>2r} ) 



(33) 
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Now, let e > be arbitrary. By (32) fix r > such that E 
Additionally, by the given assumptions there exists a sequence p„ t oo such that 

log rn 



f!^\x)j < e for all p > 4. 



Pn 



0, 



p^Cs{Xn,X)^0, (n^oo). 



Therefore, let Nq be large enough such that p^Cs {Xn, X) < e for all n > Nq. It remains to bound 
the third summand in (33). Using Lemma 17 with g = piecewise linearity of X„ implies that 
for all < 7? < 1, there exists 6 = (5(i?) > with 



LpiXn) > \\Xn\\il-^) 



mm{5, rn] 
6 



l/Pn 



In particular, we have Lp{Xn) > 2 ^'^^ sufficiently large. For those n and \\Xn\\ > 2r we 
also have f^^\Xn) = cLt{Xn). This yields 



E 



>2r} 



= cE [(||X„r - L;(X„))1|||^„||>2,}] (34) 
<c(l-2-^)E[||X„ri|||x„ll>2,}]. (35) 



for all n sufficiently large. Increasing A'^o if necessary, inserting (35) into (33) and rearranging 
terms implies 



E MIX, 



nil -'-{||X„||>2r}_ 



for all n > Nq. Since e was arbitrary, the assertion follows. 

Now, suppose the second assumption to be satisfied. Then, we have to modify the last part of the 
proof. In (34) we can decompose 

Using Lp{Xn) < ||X„||'', the assumptions guarantee the expectation of the second term to be small 
in the limit n — )• 00. For the first one, using similar arguments as above, given {y„ G Cr„ [0, 1]}, 
we find 

Lp{Xn) > — 2Qn 

with Qn = 1 1 /in — /i 1 1 for all n sufficiently large. Proceeding as in the first part, we obtain the 

(1^) which appears instead 

in (33). □ 



result. Given the third assumption, it only remains to bound E 



of E 



f^''\x) 



by E 



3 The Contraction Method 



In this section the contraction method is developed first for a general separable Banach space B. 
Then the framework is specialized to the cases (C[0, 1], || • ||oo) and {VlO, l],dsk)- For this section 
B will always denote a separable Banach space or (PfO, l],dsk)- 
We recall the recursive equation (2). We have 



K 



X^£^Ai-^X%+b^-\ 



n> riQ. 



(36) 



r=l 
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where yl^"'' , . . . , vl^^ are random continuous linear operators, is a i?-valued random variable, 



{X^'^)n>o, (xii^^)„>o are distributed like (X„)„>o, and = (/{"^ , . . . , /j^^) is a vector of 

random integers in {0, ... , n}. Moreover (aJ^^ . . . , ,b^^\ I^""^), {xi^^)n>o, {xi^\>o 
are independent and no G N. 

Recall that in order to be a random continuous linear operator, A has to take values in the set of 
continuous endomorphisms on C [0, 1] respectively the set of norm-continuous endomorphisms that 
are continuous with respect to dsk on D[0, 1] such that A{x){t) is a real-valued random variable 
for all X G C[0, 1] respectively x G I'[0, 1] and t G [0, 1]. In D[0, 1] we additionally have to 
guarantee || A||op to be a real- valued random variable, see section 2.2. 

We make assumptions about the moments and the asymptotic behavior of the coefficients 
A^^^ , • • . , A^^^ , . For a random continuous linear operator A we write 



\A\ 



E[P||^p; 



lA(l/s) 



We consider the following conditions with an s > 0: 



CI. We have II X 



Olls) 



, ||X„„_i||^, Prls, ||6^"^|U < ooforallr = 1, . . . , K and n > and 
there exist random continuous linear operators Ai, . . . , Ak on B and a i?-valued random 
variable h such that, as n — )• oo. 



K 



r=l 



7(n) := ||6W-6|U + J](||4«)-A||s + 
and for all £ G N, 



'<no} ' 



0. 



^ ^{/(")e{o,...,nu{n}}ll^^"^ 



lop 



0. 



(37) 



(38) 



C2. We have 



L:=5]E[||A,||^p] <1. 

r=l 

The limits of the coefficients determine the limiting operator T from (5): 

T:M{B) ^ M{B) 



(39) 



where (Ai, . . . , 6), Z(^), . . . , Z(^) are independent and Z(^), . . . , Z(^) have distribution 



/X. 



C3. The map T has a fixed-point G 7Ws(i?), such that C{Xn) G 7Ws(7/) for all n > uq. 

The existence of a fixed-point is not in general implied by contraction properties of T with respect 
to a Zolotarev metric due to the lack of completeness of the metric on a the space B. However, we 
can argue that there is at most one fixed-point of T in Ais{v)- 

Lemma 18. Assume the sequence {Xn)n>o satisfies (36). Under conditions C1-C3 we have 
T{Ms{v)) QMs{7l)and 

Cs{T{fi),T{X)) < LUfi,X) forallfi,X(^Ms{r]). 

In particular, the restriction ofT to Aisiv) ^ contraction and has the unique fixed-point rj. 
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Proof. Let ^ G Msiv)- Recall that we have s = m + a with m G No and a € (0, 1]. We 
introduce an accompanying sequence 



Qn := E AH {l^^,^^^X^, + n > no, 



(40) 



where (^["\ . . . , ^J^^ . . . , Z(^) are independent and . . . , Z(^) have distribu- 

tion jjL. 

We first show that C{Qn) S 7Ws(r/) for all n > uq. Condition CI, conditioning on the 
coefficients and Minkowski's inequality imply E [HQnlH < oo for all n. For s < 1 we already 
obtain £(Q„) G Ms{v)- 

For s > 1 we choose arbitrary 1 < k < m and multilinear and bounded / : — )■ 
have 



We 



E[/(Z,...,Z)] = E[/(X„,...,X„)] 



E 



K 



K 



r=l 



To show C{Qn) € A^s(r/) we need to verify that the latter display is equal to E [f{Qn, • • • , Qn)]'- 
Since / is multilinear, both terms can be expanded as a sum and it suffices to show that the 
corresponding summands are equal: 



E 



E 



D 



(n) 
' jk 



where ji,. . . ,jk € {1, . . . , K} and for each i € {1, . . . , /c} we either have 



C, 



(n) 



Ji 



A^X^it}. and = A^J"^ ( 1 r . , X^^'^ + 1 r t ^^^'^ 



or 



Cf)=6(") and Z?;.") 



(41) 



(42) 



(43) 



The equality in (41) is obvious for the case where we have (43) for alH = 1, . . . , /c. For the other 
cases we have (42) for at least \ < I < k arguments of /, say, for simplicity of presentation, for 
the first £ with 1 < < ■ ■ • < Id = ^ such that jg = j^^ for all s = + l,...,£j,i = l,...,(i 
and j£. pairwise different for i = 1, . . . , d (by convention := 0). The claim in (41) reduces to 



E 



E 



We will prove that, for each p € {1, . . . , d}. 



J V^j^^ '^j^^ , "^jf^ ^j^^ 

fj-nC") r)(«) r)(«) r)(") dn) ,(n) 



E 



E 



/(c: 



(n) 

if, ' 



(n) 



r)(™) r)(") r)(") r)(«) i,(n) iXn)\ 



^(n) ^(n) 



(44) 



(45) 
(46) 
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which in turn implies (44). Abbreviating Yy ' = ' + l|j>„g}Z('') j and denoting by 

T the joint distribution of f ^ ,...,Af\ , ) we have 



E 



(n) 

1 



p(n) ^(n) 



r)(«) r)(") !,(«) tin) 



/ (cii2;x , . . . , Op_xXp— 1 , cxpXp, . . . , OipXp, (y.p-\-\Xp^\ OL^Xd, 6, . . . , 6) 
dPx,^ (xi) • • • (xp)tfPy^^^^ {xp+i) ■ ■ ■ d^Y,^ {xd)dT{ai, . . . , a^, ii, . . . , id, b). 
= lB[g{Xi^,...,X,^)]dFx,^---dFx,^_^dFy^^^^...dFy^JT, 

where, for all fixed ai, . . . , ad, ii, . . . ,id,b,xi, . . . , Xp-i, Xp^i, . . . , Xd, we use the bounded and 
multilinear function g : B^p~^p~'^ — )• M, 

g{yi, ■ ■ • ,y£p-vi) 

:= /(aixi, . . . ,ap-iXp^i,apyi, . . . ,apyi^-i^_^,ap+iXp+i, . . .,adXd,b, ... ,6). 

Since C{Xm), C{Z) G Msiv) for all m > no we can replace Xi^ by Yi^^. This shows the equahty 
(45), hence (41). Altogether, we obtain C{Qn) G Ms{ri) for all n > uq. 

Now, we show T(/i) G A^s(r/). Let W be a random variable with distribution T(/i). By C2, 
in particular ||j4,.||s < oo for r = 1, . . . , ii', by CI we have \\b\\s < oo. Thus, as for Qn, from 
Minkowski's inequality we obtain E [|| WH'^] < cxd, hence T{fi) £ Aisiv) for s < 1. For the case 
s > 1 we consider again arbitrary 1 < k < m and multilinear and bounded / : — )■ M. It 
suffices to show E [f{Qn, ■ ■ ■ , Qn)] = E [f{W, . . . , W)] for some n > no- In fact, we will show 
that lim„^oo E [/(Q„, . . . , Qn)] = E [f{W, W)]. For this we expand 



E [fiW, ...,W)]=B 



K 



K 



Kr=l 



r=l 



into summands corresponding to (41) and have to show that 



lim E 



^[f{E,„...,E,^)] 



(47) 



where ji, ■ ■ ■ ,jk G ■ ■ ■ , K}. For each i G {1, . . . , A;} we have in case (42) that =Aj^Z^^^\ 
in case (43) that £'j. = b. We obtain, introducing a telescoping sum and using Holder's inequality. 



E 



[f{D\-\...,D\-'>)]-B[f{E,„...,Ea 



Y^B\f{E,„...,E,^_,,D^,...,D^)-f{E,„...,E,^,D^^,...,Dl 

9=1 
k 



n) 



E,^,D^r\,...,Df^ 



q=l 

<h\mDfy E,^u]\\\Ea. n w^'h- 

q=l v=l 11=5+1 

„ (ri]„ 

Note that the ||-Ej„||fc and lU are all uniformly bounded by independence, CI, and ||Xo||s, 

. . . , II^IU < oo. Hence it suffices to show that \\D-J — Ej^ \\k — )• for all jy. In case 
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(43) this is - b\\k ^ by condition CI. In case (43) we have, abbreviating 



< 



+ 



( 1 



The first summand of the latter display tends to zero by independence, ||^||s < oo and condition 
CI. The second summand tends to zero applying Holder's inequality, condition CI, which implies 
that ||4"^||s in uniformly bounded, ||Xo||s, . . . , ||X„g_i||s, \\Z\\s < oo and conditions CI and 
C3. Altogether we obtain T(/i) G Msiv)- 

Let ^, A G A4s{r]). Using Lemma (1) and (11) it follows that 



K 



C.(T(^),T(A))< ^E[||A 




Cs(^, A). 



Thus, by condition C2, the restriction of T to A4s{i]) is a contraction with respect to 
Assume, /x was a fixed-point of T as well. Then the contraction property implies 

Cs(/x,??) = Cs{T{^i),T{r])) < LCs{p,r]), 

hence Cs(/^) ff) = 0. Since the (^^-distance is a metric on M.s{fl) it follows fJ. = tj. 



□ 



We now turn to the problem of convergence of the sequence (X„)„>o to the fixed-point rj. 

Aiming to proof X„ — X condition CI is natural in the context of contraction method. Con- 
dition C2 is necessary if working with Q metrics. We will discuss this in detail for the cases 
C[0, 1] and ^[0, 1] below. The existence of a solution of the fixed-point equation in condition C3 
is required since we miss knowledge about completeness of the Cs metrics. If G Ais{B) then 
(T"(/x))„>o is a Cauchy sequence with respect to the proof being similar to the one of the 
previous lemma. Then, for B = C[0, 1] ot B = ^[0, 1], by Proposition 13, T"-{fi) converges in 

to some measure u on rI^'^I, the natural candidate for a fixed-point of (39). 



The following proposition uses the ideas developed so far to infer convergence of X„ to X in 
the (s distance. The proof extends a similar proof for the case B = M°', see [18, Theorem 4.1]. 
We draw further implications from this proof, see Corollary 21. 

Proposition 19. Let {Xn)n>o satisfy recurrence (36) with conditions CI - C3. Then for the fixed- 
point rj = C{X) of T in (39) we have, as n ^ oo, 

Cs{Xn,X)^0. 

Proof. We use the accompanying sequence defined in (40). Throughout the proof let n > uq. 
Again since the -distance is a metric we have 

Cs{Xn,X)<Cs{Xn,Qn)+Cs{Qn,X). (48) 



First, we consider the second term. By CI and Minkowski's inequality, absolute moments of order 
s of the sequence {Qn)n>no bounded, hence using Lemma 5 it suffices to show 

£s{Qn,X)^0. 
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Using the same set of independent random variables X^^\ . . . , X^^^ for Qn and in the recurrence 
of X, we obtain 



(r) 



+ 



K 



r=l ^ ' 



K 



< 



r=l 



+ 



n) 



+ 



K 



By CI the first two summands tend to zero. Also, the third one converges to zero using CI and 



r Hop 



sup \\Xj\ 

j<no 



Furthermore, conditioning on the coefficients and using that is (s, +) ideal and Lemma 1, it 
is easy to see that 



UQn,Xn) < PnCs{Xn,X)+-E 



K 



r=l ' 



Xau) , X 



< PnCs{Xn,X)+(j2E[\\A^^\\^^ 



sup Cs{Xi,X), 

no<i<n— 1 



(49) 
(50) 



where 



K 



= E 

Combining (48) and (50) implies 

Cs{Xn,X)< ^ 



.r=l J 



lop 



0, n — )• OO. 



i;e[ii4 

.r=l 



n) IIS 



sup Cs{Xi,X) + o{l) 

no<i<n—l 



From this it follows that Cs{Xn, X) is bounded. Let 



rj := sup Cs{Xn,X), r] := IimsupCs(-'^n,-'^) 

n>no n— !>oo 

and e > arbitrary. Then, there exists i > with (s{Xn,X) < + e for all n > i. Using (48), 
(49) and splitting {no < /i"^ < n - 1} into {no < /^''^ < £} and {i < /^"^ < n - 1}, we obtain 



UXn,X) < 



rj 



E 



1 -Pn 

which, by CI, finally implies 



K 



x=i 



1 -Pn 



E 



n) IIS 
r Hop 



r=l 



+0(1) 



r/ < E 



K 



op 



r=l 



Since e > is arbitrary and by condition C2, we obtain t] = 0. 



□ 
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Remark 20. As pointed out in [1 1] for a related convergence result, the statement of Proposition 
19 remains true if condition CI is weakened by replacing 

K 



5^ UH-A, 



by 



r=l 



K 







r=l 







for all / G C[0, 1] and uniform boundedness of ||ylr"'' ||s for all n > and all r = 1, . . . , i^. This 
follows from the given independence structure and the dominated convergence Theorem. 

To be able to apply the results of the previous section to deduce weak convergence from con- 
vergence in C,s for the special cases C[0, 1] and P[0, 1], rates of convergence for are required. 
We impose a further assumption on the convergence rate of the coefficients to establish a rate of 
convergence for the process that strengthens condition C2. We use the big-O (Bachmann-Landau) 
notation for sequences of numbers. 

C4. The sequence (7(n))„>„o from condition CI satisfies 7(n) = 0{R{n)) as n — oo for 
some positive sequence R{n) | such that 



L* = lim sup E 



K 



.r=l 



R{n) 



< 1. 



Corollary 21. Let {Xn)n>o satisfy recurrence (36) with conditions CI, C3 and C4. Then for the 
fixed-point rj = C{X) of T in (39) we have, as n ^ oo, 

Cs{Xn,X) = 0{R{n)). 

Proof. We consider the quantities introduced in the proof of Proposition 19 again. By condition 
C4 we have Cs{Qn, X) < CR{n) for some C > and all n. Furthermore, we can choose 7 > 
and ni > such that 



E 



K 



n) IIS 



Rill 



.r=l 



R{n) 



< 1-7, 



Pr 



< 



7 



for n > n-i. Obviously, for any 77,2 > ni, we can choose K > 2C/7 such that d{n) :- 
CsiXn, X) < KR(n) for all n < n2. Using (49), this implies 

K 



d{n2) < p„2'^("'2) + E 



.r=l 



+ CRin2) 



hence 



d(n2) < 



1 



< 



1 -Pna 
1 

1 



E 



K 



.r=l 



( 



KR{n2)'E 



K 



"2) \\s 



+ CR{n2)j 

+ CR{n2) 



R{n2) 



) 



1 -Pn2 

Inductively, d{n) < KR{n) for all n. 



((1 - ^)K + C)R(n2) < KR{n2). 



□ 
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We now consider the special cases C[0, 1] and ^[0, 1]. Related to Corollary 10 we consider the 
following additional assumption, where the notation Cr[0, 1] defined in (14) is used: 



C5 Case (C[0, 1], || • ||): We have Xn = Yn + K for all n > 0, where \\hn - /i|| ^ with 
hn, /i G C[0, 1], and there exists a positive sequence (r„)„>o such that 

p(y„^c,„[o,i])^o. 

Case {T>[{), 1],^^^): We have Xn = Yn + hn for all n > 0, where \\hn — /i|| — )■ with 
hn S ^[0, 1], /i G C[0, 1], and there exists a positive sequence (r„)„>o such that 



We now state the main theorem of this section. It follows immediately from Proposition 8, Corol- 
lary 10, Proposition 19 and Corollary 21. 

Theorem 22. Let {Xn)n>o be a sequence of random variables in (C[0, 1], || • ||oo) or (I'[0, 1], dsfc) 
satisfying recurrence (36) with conditions CI, C2, C3 being satisfied. Then, for C{X) = rj we 
have for all t £ [0, 1] 

Xn{t)^X{t), E[\Xn{m^B[\X{tr]. (51) 
If Z is distributed on [0, 1] and independent of{Xn) and X then 

Xn{Z) A X{Z), E [\Xn{Z)n ^ E [\X{Z)n . (52) 

If moreover conditions C4 and C5 are satisfied, where R{n) in C4 and in C5 can be chosen 
with 

^("^=Klog-(l/r„))' ^^^^ 
then we have convergence in distribution: 

Xn > X. 

Finally, we give sufficient criteria for the cases C[0, 1] and D[0, 1] to verify condition C3. Let 
C{Y) = u be a. probability distribution on C[0, 1] with E < oo. Then for a probability 

measure C{X) = fi on C[0, 1] to be in A4s{iy) we have the abstract defining properties in (9) and 
(10). Note that the cases < s < 3 are of interest in our main result. Theorem 22, and that 

fj, G M-s{i^) implies Cs(/U, i^) < co. 

Lemma 23. Let C{Y) = C{{Yt)t£[o,i]) = v and C{X) = £((X()i£[o^i]) = n be probability 
measures on C[0, 1]. For < s < 1 we have fx € A^s(j^) if 

E[||X||y,E[||y||^]<oo. (54) 

For 1 < s <2we obtain fi G if we have condition (54) and 

E [Xt] = E [Yt] forallO<t<l. (55) 

For 2<s<3we obtain fi G A^s(i^) if we have conditions (54), (55) and 

Cov{Xt,Xu) = Cov{Yt,Yu)forallO < t,u<l. (56) 

The assertions remain true ifC[0, 1] is replaced byT>[0,l]. 
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Proof. The case < s < 1 follows directly from the definition of the space Ais{^) for both, 
C[0,1] and2?[0, 1]. 

We first consider B = C[0, 1] and start with the case 1 < s < 2. By Riesz' representation 
theorem any linear and continuous function (/? : C[0, 1] — )■ M can be written as 

VU) = f f{t)dl^{t) 



where is a finite, signed measure on [0, 1]. Hence, (10) is satisfied if E [Xt] = E [1^] for all 
t G [0, 1] and (9) is condition (54). 

We move on to the case s > 2. For k < 2, any A:— linear function can be expressed as 

Hf) = I f{ti)---f{tk)dfi{h,...,tk) 

where ^ is a finite, signed measure on [0, 1]^=. This goes back to Frechet [12] in the case k = 2, 
its proof relies on successive applications of Riesz' representation theorem. Therefore, to satisfy 
condition (10) it is sufficient to have E [X{ti) • • • X{tk)] = E [Y{ti) ■ ■ ■ Y{tk)] for alHi < . . . < 
tk and < A; < m, where m = 2 for 2 < s < 3. 

The description of the dual space of ^[0, 1] is slightly more involved than in the case of C[0, 1], in 
particular a continuous linear form on Dp, 1] is not uniquely determined by its values on C[0, 1]. 
Pestman [21, Theorem 1] showed that any linear and bounded map : D[0, 1] — >• M is of the form 

ifif) = I f{t)dtiit) + J2 (/(^) - (57) 

where n is again a finite, signed measure on the unit interval, f{x—) := lim^j^o f{x — h), /(O— ) := 
/(O) and : [0, 1] — )• M takes values different from zero only on a countable subset F of [0, 1] 
with X^jjg^ IV'C^;)! < oo. Note that the measure /i comes from the restriction of to C[0, 1]. 
Furthermore, the representation of ip in terms of /x and ip is unique. Equation (57) implies that 
e Ms{iy) if E [X{t)] = E [Y{t)] for all t G [0, 1] and E [||X||''] , E [||y f ] < oo like in the 
continuous case. Note that E [X{t-)] = E [Y{t-)] for all t £ [0, 1] follows from the latter by 
dominated convergence. By (57), for any norm-continuous linear form on V[0, 1] there exist (not 
necessarily unique) finite, signed measures on the unit interval such that 

</'(/) = / fit)df^{t) + J f{t-)du{t). 

Arguing as in the continuous case, this implies that for any norm-continuous bilinear form ip on 
D[0, 1], we have 



^{f.g) = J f{t)g{s)dfii{t,s) + J f{t)g{s-)dfi2{t,s) 

+ / fit-)gis)dfi3it,s)+ I fit-)g{s-)dii^{t,s), 



where ^i, fi2, 1^3, jJ-i are finite signed measures on [0, 1]^. This implies the assertion in the case 
2 < s < 3. Analogous expressions hold true for s > 3. Finally note, that these expressions also 
imply that any continuous A;-linear form on D[0, 1] is measurable with respect to {Bgk)^^- □ 

Remark 24. Interpreting E [X] as Bochner-Integral in the continuous case, it is equivalent to say 
E [X{t)] = E [Y{t)] for all t G [0, 1] and E [X] = E [Y]. This is simply due to the fact that E [X] 
is a continuous function with E [X] (t) = E [X{t)] and ip^E [X]) = E [(/^(X)] for all continuous 
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linear forms on C[0, 1]. Also the higher moments can be interpreted similarly as expectations 
of corresponding tensor products, see [10]. Note that we have shown that, given condition (9), 
condition (10) for A; = 2 is equivalent to E \^ {X)g{X)\ = E [f{Y)g{Y)] for all continuous Unear 
forms f,g. This equivalence also holds for Hilbert spaces as indicated by Zolotarev in [28]. We 
do not know whether this can be generalized to arbitrary separable Banach spaces. 

Remark 25. Note that condition (56) typically cannot be achieved for a sequence {Xn)n>o that 
arises as in (2) by an affine scaling from a sequence {Yn)n>o as in (1). This fundamental problem 
for developing a functional contraction method on the basis of the Zolotarev metrics C,s with 2 < 
s < 3 was already mentioned in [10, Remark 6.2]. We describe a way to circumvent this problem 
in our application to Donsker's invariance principle by a perturbation argument, see section 4. 

4 An application to Donsker's invariance principle 

Let {Vn)ne^ be a sequence of independent, identically distributed real valued random variables 
with E [Vi] = 0, Var (Vi) = 1 (for simplicity) and E [|Vip+^] < oo for some e > 0. We 
consider the properly scaled and linearized random walk 5" = (5'")jg[o.i], n > 1, defined by 

1 \ 
^t=^\Y.yk + (nt - lnt\ ) 1 , te[0,l]. 

With W = {Wt)te[o,i] a standard Brownian motion Donsker's function limit law states: 
Theorem 26. (Donsker, 1951) We have S"- W as n ^ oo in (C[0, 1], || • ||oo)- 

4.1 A contraction proof 

In this section we apply the general methodology of sections 2 and 3 to give a short proof of 
Theorem 26. For a recursive decomposition of and W we define operators for /? > 1, 

: C[0, 1] ^ C[0, 1], ^^{f m = l{t<y^yfm + l|,>i/^}/(l), 

: C[0, 1] ^ C[0, 1], MfM = l{t<i//3}/(0) + Mt>i/f3}f (f^) • 

Note that both c/?^ and ip/s are linear, continuous and ||(/?/3(/)||oo = ||^/3(/)||oo = ||/||oo for all 
/ G C[0, 1], hence we have Hv^/^Hop = HV'/^llop = 1- By construction we have 



where (5^, . . . , 5") and {S^, . . . , 5") are independent and and are identically distributed 
for all j > 1. Therefore (S'")„>i satisfies recurrence (36) choosing 

K = 2, = rn/21, /(") = Ln/2j, no = 2, 

^ V n r"/2l ' ^ V n rn/21 ' 

In the following let W = {Wt)te[o,i] be a standard Brownian motion, independent of W. Proper- 
ties of Brownian motion imply 



W = ^I^MW) + J (59) 
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for any /? > 1. Hence, the Wiener measure C{W) is a fixed-point of the operator T in (39) with 



K = 2, Ai = ^^p, A2 = sj^-^i>p. fc = 0. (60) 
For /3 = 2 the coefficients in (58) converge to the ones in (59), i.e., as n — )■ oo, 



rn/21 ^ 1 l[n/2\ ^ 1 



n ^2' V n V2' 

but the coefficients A^^'^ , A^^'^ only converge to Ai , A2 in the operator norm for n even. Never- 
theless, from the point of view of the contraction method this suggests weak convergence of 5"" to 
W. 

Note that the operator T associated with the fixed-point equation (59), i.e., with the coefficients 
in (60), satisfies condition C2 only with s > 2. In view of condition C3 and Lemma 23 we need 
to match the mean and covariance structure. We have E [S^] = for all < t < 1 and a direct 
computation yields 

{s, for Insl < Intl, 

^ ( [ns\ + [ns — [ns\){nt — [nt\ 1 , for [ns\ = [nt\ . 

Hence, we do not have finite C,2+e -distance between S"" and W since they do not share their 
covariance functions. To surmount this problem we consider a linearized version of the Brownian 
motion W. For fixed n G N we divide the unit interval into pieces of length 1/n and interpolate 
W linearly between the points 0, 1/n, 2/n, . . . , (n — l)/n, 1. The interpolated process VF" = 
(W^")te[o,i] is given by 

:= + {nt - [nt] ) (Wi„ti+i - W[^) , t G [0, 1]. 

We have E \Wi \ = and W"^ and 5" have the same covariance function (61) for all n G N. 
Furthermore VF" has the same distributional recursive decomposition (58) as 5". 
Note that the linearized Brownian motion does not differ much from the original one: 

Lemma 27. We have \ — VF||oo — )-0a5n— t-oo almost surely. 

Proof. For arbitrary e > we have 

P (||T^" - T^lloo > e) = P ( sup \W'^ -Wt\> e\ < nP ( sup jW^ -Wt\> e\ 

\t6[0,l] / \t(i\^.Mn\ ) 

< nP I sup \Wt\ > e/2] < 2nP ( sup Wt > e/2 I . 

\te[0,l/n] J yG[0,l/n] J 

Due to the reflection principle the latter term tends to zero exponentially fast. The assertion follows 
from the Borel-Cantelli Lemma. □ 

In view of Corollary 1 1 it suffices to prove that and VF" are close with respect to (2+6- The 
proof of this runs along the same lines as the one for Proposition 19, resp. Corollary 21, in fact it 
is much shorter due to the simple form of the recurrence: 

Proposition 28. For any 6 < e/2 we have C2+£(5'", VF") = 0{n~^) as n ^ 00. 
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Proof. We have 



V n rn/21 V J \ n r^/21 V / 



We abbreviate 



<i„:^C..,(5".,n, <.„:Hi=^V"^ 



n / \ n 

and note that we have a„ + 6„ < < 1. For arbitrary 6 < e/2 we prove the assertion by 
induction: Choose uiq G N such that [n/2j ''^ < {n/2)^^2^^'^~^ for all n > mo- Furthermore, let 
C > be large enough such that d„ < Cn~^ for all 1 < n < mo- Then, for n > mo, assuming 
the claim to be verified for all smaller indices, 

dn < and^n/2] + bndin/2\ < C (a„(n/2)-^ + 6„(n/2)-^2"/2-'5 

The assertion follows. □ 
Now Donsker's Theorem (Theorem 26) follows from Proposition 28, Lemma 27 and Corollary 

11. 

Note, that our approach requires the assumption E [I^^P"''^] < oo for some e > 0, which, in 
Donsker's Theorem can be weakened to E [V^] < oo. 

By Theorem 12 we directly obtain convergence of moments of the supremum if we assume an 
additional third moment for the increments: 

Corollary 29. Supposed [\Vi\^~\ < oo. Then the first three absolute moments of ^supQ^f^^^^ Sk 
converge to the corresponding moments of\\W\\oo- 

Remark 30. Based on the recursion (58), it is easy to show that E [HSnll'^] is bounded uniformly 
in n for integer valued A; > 4 if the increment Vi has finite absolute moment of order k. In this 
case, we have E — ;> E for any real < k < k. 

4.2 Characterizing the Wiener measure by a fixed-point property 

We reconsider the map T corresponding to the fixed-point equation (59) for the case /3 = 2: 

T:M{C[0,l])^MiC[0,l]) (62) 
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where Z, Z are independent with distribution Hi^Z) = = /i. Our discussion above implies 

that the Wiener measure is the unique fixed-point of T restricted to 7V(2+e(^(VF)) for any 

e > 0. Note that 7W2+e(>C(VF)) is the space of the distributions of all continuous stochastic 
processes V = {Vt)t(i[o,i] with E < oo, E [Vt] = and CoY{Vt,Vu) = t A n for all 

< < 1. Note, that one easily verifies that T {M2+e{C.{W))) C M2+e{C{W)) and the last 
part of the proof of Lemma 18 implies that T restricted to A^2+e(>C(W^)) is Lipschitz-continuous 
with Lipschitz constant at most L = 2^^/^ < 1, hence C{W) is the unique fixed-point of T in 

M2+e{C{W)). 

We now show that a more general statement is true, the Wiener measure is also, up to multi- 
plicative scaling, the unique fixed-point of T in the larger space of probability measures C{V) € 
7W(C[0, 1]) with Vb = 0. For a related statement, see also Aldous [1, page 528]. The subse- 
quent proof is based on the fact that the centered normal distributions are the only solutions of the 
fixed-point equation 

where X, X are independent, identically distributed real-valued random variables, see Theorem 
7.2.1 in [16]. 

Theorem 31. Let X = (Xt)jg[o,i] continuous process with Xq = 0. Then C{X) is a fixed- 
point of (62) if and only if either X = a.s. or there exists a constant o" > 0, such that {aXt)te[o,i\ 
is a standard Brownian Motion. 

Proof. Let C{X) be a fixed-point of (62) and X = {Xt)te[f),i] be independent of X with the same 
distribution. The fixed-point property implies 

d Xi+Xi 

hence C{Xi) = J\f{0, cr^) for some cr^ > 0, where J\f{0, a"^) denotes the centered normal distri- 
bution with variance a"^. This implies 

hence C{Xi/2) = M{0,a^/2). Let ^ = {^2"" : m,n G No,m < 2"} by the set of dyadic 
numbers in [0, 1]. By induction, we obtain C{Xt) = J\f{0, a'^t) for all t £ For the distribution 
of the increments we first obtain 

Y Y 

X,-Xy,--^, 

hence C{Xi - X1/2) = J\f{0, a'^/2). Again inductively, we obtain C{Xi - Xt) = 7V(0, (1 - t)a'^) 
for all t £ S!. Also by induction, it follows C{Xt - Xs) = M{0, {t - s)a'^) for all s,t £ ^ with 
s < t. Finally, continuity of X implies the same property for all s,t £ [0, 1]. It remains to prove 
independence of increments. Denoting by X^^\X^'^\ . . . independent distributional copies of X, 
we obtain from iterating the fixed-point property 



(^t)ie[0,l] ~ ( 2 ^ '^{{m-l)2-"<t<m2-^}^2"t-m+l + l{m2-"<t}-^l 

\ m=l J 



te[o,i] 



for all n G N. Hence, for any dyadic points < ti < t2 < ■ ■ ■ < < \, choosing n large 
enough, each Xt^^^ — Xt- can be expressed as a function of a subset of X^^\ . . . these 
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subsets being pairwise disjoint for i = 0, . . . , n — 1. Since, & is dense in [0, 1], this shows that 
X has independent increments. For ct = we have X = a.s., otherwise a^^X is a standard 
Brownian motion. 

The converse direction of the Theorem is trivial. □ 

Remark 32. Note that we cannot cancel the assumption on continuity of X without replacement, 
e.g., the process 

' Wt ■ t^^ 
: t e ^ 



Yt 



also solves (59) and is not a multiple of Brownian motion. However, it would be sufficient to 
require cadlag paths, so C[0, 1] could be replaced by P[0, 1] in our statement. 

Remark 33. Our decomposition of Brownian motion in (59) is in time. However, equation (63) 
suggests to also investigate a decomposition in space 

(^O.e[o,i] = { (64) 



iG[0,l] 



where (X()ig[o i] and (^t)tg[o,i] independent and identically distributed. Again, equation (64) 
induces a map on 7W(C[0, 1]) that is a contraction in C2+e on the subspace A^2+e(^(W^))> so the 
Wiener measure is the only solution in 7W2+e(>C(VF)). In this case, we cannot remove the moment 
assumption as in Theorem 31 since any centered, continuous Gaussian process solves equation 
(64). Using (63), it is not hard to see that there are no further solutions of (64). 
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